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Abstract. Let Hi and Hi be complex Hilbert spaces, C\ = P(Hi) and 
£2 = PCH2) the lattices of closed subspaces, and let C be a complete atom- 
istic lattice. We prove under some weak assumptions relating d and C, that 
if C admits an orthocomplementation, then C is isomorphic to the separated 
product of Ci and £2 denned by Aerts. Our assumptions are minimal require- 
ments for C to describe the experimental propositions concerning a compound 
system consisting of so called separated quantum systems. The proof does not 
require any assumption on the orthocomplementation of C 



1. Introduction 

In their 1936's founding paper on quantum logic, Birkhoff and von Neumann 
postulated that the lattice describing the experimental propositions concerning a 
quantum system is orthocomplemented (see [3], §9). We prove that this postulate 
forces the lattice £ sep describing a compound system consisting of so called sepa- 
rated quantum systems to be isomorphic to the separated product defined by Aerts 

i» DO 

By separated we mean two systems (electrons, atoms or whatever) prepared in 
different "rooms" of the lab, and before any interaction take place. Recall that 
the state of a two-body system S can be either entangled or a product state. Any 
non-product state violates a Bell inequality 0, hence for separated systems as 
defined above, the state of S is necessarily a product. Whether the two systems are 
fermions or bosons does not matter. Since they are prepared independently and do 
not interact, they are distinguishable and not correlated. 

It is important to note that our result does not require any assumption on the 
orthocomplementation of C sep . Instead, following Piron and Aerts p^, we 
assume £ sep to be complete and atomistic. Moreover, we need some assumptions 
relating d and C sep that translate the fact that C sep describes a compound system. 
Such minimal conditions have been settle and studied first by Aerts and Daubcchics 
(see §2), and later by Pulmannova ^2^] and Watanabe ^JEJ- We will see 
in Section0]that our assumptions are much weaker than those of previous works. In 
Section|21we recall the definition of the separated product. In Section|3we introduce 
our assumptions by defining what we call S— products. The main result is proved 
in Section El whereas an important preliminary result concerning automorphisms 
is established in Section 
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2. The separated product 

For terminology concerning lattice theory, we refer to [H] ■ We adopt the following 
notations. If £ is a complete atomistic lattice, and a an element of £, then A(a) 
denotes the set of atoms under a, and A(C) denotes the set of atoms of £. If 
£ is moreover orthocomplemented, then we denote the orthocomplcmcntation by 
a h-> a . For atoms, we write p _L q if p < q , Finally, the top and bottom elements 
are denoted by 1 and respectively. 

Definition 2.1 (D. Aerts, [Q). Let £i and £2 be complete atomistic orthocom- 
plemented lattices. On A(d) X A(£ 2 ) define the following binary relation: p#q if 
and only if pi ±1 q\ or pi J_2 92- Then, 

£1© £2 := {R C A{Ci) x _4(£ 2 ) ; R** = R} . 

Remark 2.2. Obviously, # is symmetric, anti-reflexive and separating (i.e. for all 
p =/= q, there is r with p#r and q=fer), therefore £i@ £2 is a complete atomistic 
lattice, the mapping a 1— » a# of £i@ £2 into itself, where a# = {p 6 A(£i) x 
^(£2) ; € a}, is an orthocomplementation, and atoms of Ci® C 2 are sin- 

gletons of A(Ci) x ^(£2). Moreover, coatoms are given by 

{(pi,P2)}* = A(pt) xA(C 2 ) U ^i)x^ 3 ). 
Hence, it is an easy exercise to prove that 

(2.1) £i@£ 2 = {nuj;u C {A(a 1 )xA{C 2 )UA(C 1 )xA(a 2 ); (01,02) G £ix£ 2 }}. 
For complete atomistic lattices £1 and £2, we define £i@ £2 by (|2.1Jl . 

3. S-PRODUCTS 

For our main result ( Theorem I6.4J1 . we need to make some hypotheses on £1 
and £2, which are true if £1 = P(Wi) and £2 = PCH2), with Hi and H 2 complex 
Hilbert spaces. However, we consider a more general setting in order to point out 
exactly the assumptions on C\ and £ 2 needed for the proof. 

Let £ be a complete atomistic lattice. We write Aut(£) for the group of auto- 
morphisms of £. We say that £ is transitive if the action of Aut(£) on A(C) is 
transitive. We denote by 2 the lattice with two elements. If H is a complex Hilbert 
space, then P(H) denotes the lattice of closed subspaces of H and U(7Y) stands for 
the group of automorphisms of P(7i) induced by unitary maps. 

Remark 3.1. Let H be a complex Hilbert space. Then U(7Y) acts transitively on 
A(P(H)). 

Definition 3.2. A complete atomistic lattice £ is weakly connected if £ ^ 2 and if 
there is a connected covering of A(C), that is a family of subsets {A 1 C A(C) ; 7 £ 
<r} such that 

(1) A{C) = U{AT ; 7 G a} and |^| > 2 for all 7 £ cr, 

(2) for all 7 G a and for all p ^ q G A 7 , p V g contains a third atom, 

(3) for all p, q £ A(C), there is a finite set {71, • ■ • , j n } C er such that p G A 11 
and g £ A 7 " , and such that \A^ n A 7i+1 1 > 2 for all 1 < i < n - 1. 

Remark 3.3. Note that in part 2 of Definition ^. 21 it is not required that the third 
atom under p V q is in A 1 . Let £ be a complete atomistic lattice. If £ is weakly 
connected, then £ is irreducible (see jH), Theorem 4.13). On the other hand, any 
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complete atomistic orthocomplcmented irreducible lattice £ ^ 2 with the covering 
property (for instance P(H.) with TL a complex Hilbert space with dim(7i) > 2) 
is weakly connected. Indeed, in that case, for any two atoms p and q of £, p V q 
contains a third atom, hence {A(£)} is a connected covering. 

Definition 3.4. Let Ci, £ 2 and £ be complete atomistic lattices and let hi : £.% — > 
£ and /i 2 : £ 2 — > £ be injective maps preserving all meets and joins. For a\ G £1, 
a 2 G £2, -Ai C .4(A) and A 2 C „4(£ 2 ), we define 
ai ® a 2 := (fti(ax) A h 2 {a 2 )) , 
ai ®a 2 := {pi ® p 2 ; pi G ,4(ai), p 2 G A{a 2 )} , 
ai ®A 2 := {pi ®p 2 ; pi G .A(ai), p 2 G A 2 } , 
Ai ® A 2 := {pi ®p 2 5 Pi G Ai, p 2 G A 2 } . 

Remark 3.5. Since /ij preserves arbitrary joins and meets, hi also preserves and 
1. Therefore, h\{a\) = h\{a\) A/i 2 (l) = Oi<S>l and /i 2 (a 2 ) = /ii(l) A/i 2 (a 2 ) = l£g>a 2 . 
Moreover, 0®a 2 = = ai<g)0 for all Oj G £j. 

Definition 3.6. Let £1, £2 and £ be complete atomistic lattices, with £\ and 
£ 2 weakly connected, and let h\ : £\ — > £ and /i 2 : £ 2 — > £ be injective maps 
preserving all meets and joins. Suppose that pi ® p 2 G -4(£), for all (pi,p 2 ) G 
A(£i) x A(£ 2 )- 

We say that £ is laterally connected if there is a connected covering {Aj}~ teai 
of .A(£i) and a connected covering {A^jjeai 01 A(£ 2 ), such that for all 71 G o\ 
and 7 2 G er 2 , and for all <?i ® q 2 , T\ ® r 2 G AJ 1 ® A^ 2 with <?i ^ n and q 2 7^ r 2 , 
there is (3) p = p% <g> p 2 G -4(£) such that both lateral joins pi ® <? 2 V pi ® r 2 and 
(?i <8> p 2 V ri ® p 2 contain a third atom. 

In case £\ = P(C 2 ) (respectively £ 2 = P(C 2 )), we require moreover that for any 
atom pi G A(£i) (respectively p 2 G A(£ 2 )), there is (3) q G -4(£ 2 ) (respectively 
r G A(£i)) such that pi ® q\/ p^ 1 (8 <? (respectively r ® p 2 V r ® p^ ) contains a third 
atom. 

Definition 3.7. Let £1, £ 2 and £ be complete atomistic lattices with £\ and £ 2 
weakly connected. Let Tj C Aut(£j). We write £ G C TiT2 (£i,£ 2 ) if 

(PO) there exist two injective maps hi : £i — > £ preserving all meets and joins, 

(PI) pi ®p 2 G >4(£), Vpi G A(A), 

(P2) pi <8>p 2 < ai ® 1 V 1 ® a 2 pi < a\ or p 2 < a 2 , Vp 4 G -4(£;), a { G A, 
(P3) £ is laterally connected, 

(P4) for all Ui G Tj, there is M G Aut(£) such that u(pi ®p 2 ) = ui(pi) <8> w 2 (p2), 

Vp 4 g A(A). 

We call £ a S TiT2 —product if £ G C TiT2 (£1, £ 2 ) and 
(P5) A{£) = {pi ® p 2 ; (pi,p 2 ) G A{£ x ) x A(£ 2 )}. 

Remark 3.8. Let £ be a S— product of £1 and £ 2 . If £1 = 2, then £ = £ 2 , and if 
£ 2 = 2 , then £ = £\. By Axiom P5, the it of Axiom P4 is necessarily unique. We 
denote it by U\ ® w 2 . By Axioms P4 and P5, if Ti acts transitively on -4(£i) and 
T 2 acts transitively on A{£<i), then £ is transitive. Therefore, if T\ and T 2 contain 
the identity, then the 3 in Definition 13.61 can be replaced by V. Finally, note that 
Axiom P3 requires that only some lateral joins of atoms contain a third atom. 

The proof of the following proposition is left as an exercise. 
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Proposition 3.9. Let Hi and H2 be complex Hilbert spaces. Then P(Hi ® H2) € 
C u( „ l)u( „ a) (P(Wi),P(W3)). 

Remark 3.10. Let L\ and £ 2 be complete atomistic lattices. Note that from (I2.1|) 
we find that lateral joins of atoms in £i@ £ 2 are given by {(pi,P2)} V {(pi, <? 2 )} = 
{pi} x A(p 2 V q 2 ) and {(pi,p 2 )} V {(qi, p 2 )} = A(pi V qi) x {p 2 }. Moreover, let 
lu C d. Then, V{A(a) x .4(£ 2 ) ; a e lu} = A{Vlu) x .4(£ 2 ). 

Lemma 3.11. Let £\ and C2 be complete atomistic weakly connected lattices. 
Then. £i@ £2 is 1 S TiT2 — product of £1 and £2 with Tj = Aut(£i). 

Proof. Define Tii : £1 — > £1© £2 as /ii(ai) := -4.(<zi) x_4(£ 2 ), and /i 2 — > £1® £2 as 
^■2(02) = -4(£i) x _4(a 2 ). From the preceding remark, hi and /i 2 obviously preserve 
arbitrary meets and joins, and Axiom P3 holds. Moreover, by definition (see l|2.1|l ). 
Axioms P5 and P2 hold. 

Finally, let u\ be an automorphism of £\ and it 2 an automorphism of £ 2 . Define 
a map u on A(£\) x «4(£ 2 ) as u(pi,p 2 ) = (ui(pi), w 2 (p 2 )). Then, for all (ai,a 2 ) £ 
£\ x £2, we have that 

u(A(ai) x A(£ 2 ) U „4(£i) x .4(a 2 )) = .4(ui(ai)) x A{£ 2 ) U A(£i) x A{u 2 (a 2 )) . 

Moreover, u preserves arbitrary set-intersections, hence induces an automorphism 
of£i@£ 2 . □ 

Remark 3.12. Given two complete atomistic weakly connected lattices with the 
covering property £j and £ 2 , there are many S— products of £\ and £ 2 different 
from £1® £ 2 [7J (note that Axiom P3 in [7] is stronger than Axiom P3 here). 

Lemma 3.13. Let £1, £ 2 and £ be complete atomistic lattices. Suppose that £ is 
a S— product of £\ and £ 2 . Let p\ ® P2, qi ® (? 2 € a\ £ £\ and a 2 G £ 2 . 

Suppose that P\ ^ q\, P2 ^ 92 and that p\ < a\ and P2 < 02- Then 

(1) pi ® P2 V qi ® Q2 contains no third atom, 

(2) A(pi <x>a 2 Vai ®p 2 ) = pi®a 2 Uai(g>p 2 . 

Proof. (1) First, 

Pi ® p 2 V gi (g> q 2 < (pi ® 1 V 1 <X> q 2 ) A (qi ® 1 V 1 <g> p 2 ) . 

Now, from Axioms P2 and P5 we find that 

A((pi ® 1 V 1 <g>g 2 ) A (<ji <g> 1 V 1 ®p 2 )) = (pi ® 1 U l®q 2 ) n (gi ® 1U l®p 2 ) 

= {pi ®P2,9l «192}- 

(2) First, 

Pi <8> a 2 V ai ® p 2 < ai ® 1 A 1 ® a 2 A (pi <g) 1 V 1 (g> p 2 ) , 
and by Axioms P2 and P5, 

A{ax <Z> 1 A 1 ® a 2 A (pi ® 1 V 1 ®p 2 )) = a x ® a 2 ("1 (pi ® 1 U 1 ®p 2 ) 

= Pi <X> a 2 U ai ® p 2 . 

□ 
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4. S-PRODUCTS AND SEPARATED QUANTUM SYSTEMS 

In this section we discuss and compare our Axioms listed in Definition y . 71 with 
those of previous works. 

Let C\, £2 and £ be complete atomistic orthocomplemented lattices. In [21 1111 
1121 1181 IT4*| it is required for £ to describe a compound system that 

(10) C\, £2 and £ are orthomodular, 

(pO) there exists two injective maps hi : Ci — > £ preserving the orthocomple- 
mentation and all meets and joins, 

( P l) pi ®p 2 e A{C), v Pl e A(&), 

(p2) for all (01,02) G C\ x £ 2 , ^1(01) and ^2(02) commute. 
Obviously, Axiom pl is identical to Axiom PI and Axiom pO implies axiom PO. On 
the other hand, from Axioms 10, pO, pl and p2 follows that pi ®p 2 < ft-i(ai) V/i2(a2) 
if and only if pi < a\ or P2 < 02. [Proo/ The proof is very similar to the proof of 
Lemma 1 in [T2]. Let S = /i 2 (p 2 ), ^i(ai), ^2(02)}- From Axiom p2, for all 

TCS with |T| = 3, there is a £ T such that a commutes with all b £ T. Therefore, 
since £ is orthomodular, the sublattice generated by 5* is distributive Suppose 
that P2 /\ 0,2 — 0. Then, 

pi ®p 2 < (fti(ai) V h 2 (a 2 )) A ft 2 (p 2 ) = ai ® P2 V 1 ® (a 2 Ap 2 ) = ai (g>p 2 ■ 

Let u : £1 — > £ be defined as u(a) = a ® By Axiom pl, u(a) — implies 
a = 0. Moreover, since £ is orthomodular, the map * from the sublattice [0, ^-2(^2)] 
into itself defined as x* = x A ^2(^2) is an orthocomplementation, and [0, ^-2(^2)] 
is orthomodular. Hence, from Axiom pO, ^(a" 1 " 1 ) = h\{a)* . On the other hand, by 
Axiom P 2, «(o)* = {hiiax) 1 - V h 2 (p 2 )^) A h 2 (p 2 ) = hi{a)* 0. 

As a consequence, since u(p±) < u(a\), we find that u{p\) A (u(pi) Au(ai))* = 0, 
therefore p\ A (pi A ai)^ 1 = 0; whence, since £1 is orthomodular, a Api = (cti A 
Pi) V (pi A (pi A ai)^ 1 ) = pi, that is pi < 01. ] 

As a consequence, Axioms 10, pO, pl and p2 imply Axiom P2. Therefore, from 
Axiom pO, we find that pi ®P2 < (qi O q 2 ) J ~ if and only if pi ±1 q% or P2 J_2 q 2 - 
Hence, from Axioms 10, pO, pl, p2 and P5, we find that £ = £i@£ 2 , which by 
Lemma 13.111 is a S— product of £1 and £2 if £1 and £2 are weakly connected. 

In |7||S] we proved a similar result as here. However, the proof in |S] requires an 
axiom relating the orthocomplementations of Ci and £, whereas in [J] we used an 
axiom P3 stronger than Axiom P3 here. 

We now make some comments about our axioms. Let £1 = P(7ii) and £2 = 
P(7i 2 ) with Hi and TL 2 complex Hilbert spaces, and let £ be a complete atomistic 
lattice describing the experimental propositions concerning a compound system S 
consisting of two separated quantum systems S± and 5 2 , described by £1 and £ 2 
respectively. 

As mentioned in the introduction, since S± and S2 are separated, Axiom P5 
holds. On the other hand, Axiom P2 can be justified easily (see pQ or [Sj for 
details), and Axioms P0 and P4 with Ti — U(7ii) are indeed very natural. 

Axiom P3 is more delicate. At a first glance, it may appear technical. However, 
there is a simple physical reason why £ should be laterally connected. Indeed, it is 
natural to assume that there is a map u> : A{C) x £ — > [0, 1] which satisfies at least 
the two following hypotheses: 

(Al) w(p, a) = 1 p < a, 

(A2) w(pi ®p 2l a 1 <8> a 2 ) = g(pi, a 1 )g(p 2 , a 2 ), 
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with <?(p, a) = ||P Q (i>)|| 2 , where P a denotes the projector on a, and v is any nor- 
malized vector in p. Hence, for all atoms pi, p € A(Ci) and P2, r, s G A{£i), such 
that r J_2 s, we have 

w(pi ®p 2 ,p® (rVs)) = g(pi,p)g(p2,rV s) 
(4.1) = g(pi,p)(g(p2,r) +g(p2,s)) 

= u(pi <g>P2,P ® + ®P2,P ® s) ■ 

On the other hand, for any two orthogonal atoms r and s of £2, there is an 
experimental proposition P on S2 such that P is true if the state of 5*2 is r and 
false if the state is s. Now, P is a proposition concerning the compound system S, 
and obviously for any atom p of £1, P is true if the state of S is p <g) r and false 
if the state is p <E) s. Therefore, as for propensity maps (see 0] or ^U|, §4.2), it is 
natural to assume that 

(A3) r J_2 s =>• w(pi (g>p2,p® r Vp<g> s) = w(pi ®p2,p<8>r) + w(pi <8p2,p® s). 

From Axioms Al, A3 and Eq. (|4.ip . we obtain that for all atoms p of L\ and 
r, s of £2, 
(4.2) 

r ± 2 s => [w(pi <8>p2,p(8 r Vp® s) = o;(pi <8>p2,p(8 (r V s)), Vpi ®p2 € A(£)] 
=>p®rVp(g>s=p®(rVs). 

Now, for £ = 1 and i = 2, let 

/i : {y S P(H 2 ) ; dim(V) = 2} ^ 2 A ^ H ^ , 

such that for all V in the domain of /i(V) is a maximal set of mutually orthogonal 
atoms in V *. Moreover, for any two atoms p and q, define := {p} U /,(p V g). 
Suppose that dim(7^) > 4. Let p and q be atoms. Then, p G Af 3 , g G A? p and 
|Af n Af\ > 2. Therefore, {A? q ; p, g G A(P(Hi))} forms a connected covering of 
A(P(Hi)). Moreover, from (|4.2() . £ is laterally connected. 

5. Automorphisms of S— products 

In this section, we show that automorphisms of S— products factor. We will use 
this result in the proof of our main result fTheorem l6.4|) . 

Theorem 5.1. Let C\, £2 and C be complete atomistic lattices, with C\ and £2 
weakly connected and transitive. Let Tj C Aut(£;) acting transitively on A(£i) 
with id G Tj. Suppose that £ is a S TiT2 — product of £1 and £2. Then, for any 
u G Aut(£) 7 there is a permutation £ of {1,2}, and there are isomorphisms u, : 
Ci —* £j(i), such that for any atom, u(p% ® P2) = u\{pi) (8> U2{p2) i/ £ = id and 
u{p\ <g) P2) = «2(p2) ® «i(pi) otherwise. 

Proof. The first three steps of the proof are similar to those of the proof of Theorem 
7.5 in [7]. We denote by {A]} 1&cri the connected coverings of Definition 13.61 

(1) Claim: For any atom p = p\ ® p 2 , we have u{pi (g> 1) = w(p)i ® 1 or 
u(pi <g> 1) = 1 ® u(p)2- [Proof. Let 7 G er 2 and g, r G AjJ. Since £ is laterally 
connected, pi ® q V pi ® r contains a third atom, so does u(p± ® q) V w(Pi ® r ): 
for u is join-preserving and injective. Thus, by Lemma 13 . 1 31 part 1, u(p\ ® q) and 
u(p\ ® r) differ only by one component. As a consequence, one of the following 
cases holds: u(p\~® Aj) C u(p)i<g> 1, or u(pi <g> C l®u(p) 2 . 
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Define / : a 2 — > {1, 2} as f("f) = 1 if the former case holds, and f(pf) = 2 if the 
latter case holds. Note that since u is injective, if \A\ T\A\\ > 2, then f(-j) = f(5). 

Let 70 G fx 2 such that P2 G A^ ■ Then, by the third hypothesis in Definition 13. 21 
for all q 6 ^(£2), there is 7 G 02 such that q € A\ and such that f(-f) = /(7o)- 
Hence, for all g e ^.(£2), we have u(pi ® oO/fao) = u (p)f(-yo)- As a consequence, 
either u(pi ® 1) < w(p)i €3 1 or u(pi ® 1) < 1 ® u(p) 2 . 

Suppose for instance that the former case holds. Then p\ ® 1 < u _1 (u(p)i eg) 1), 
and since u -1 is also join-preserving and injective, pi ® 1 = u _1 (w(p)i ® 1).] 

(2) From part 1, we can define g 2 ■ A{C\) ® A{C%) — » {1, 2} as g%(pi (8P2) = 2 if 
w(pi (8) 1) = ® 1, and 32 (pi ®P2) = 1 if «(pi ® 1) = 1 ® «(p)2- We define gi in 
an obvious similar way (i.e. <?i(pi ® P2) = 1 if and only if u(l ® P2) = 1® u(p)2). 
Claim: The maps p 1— > <?i(p) are constant. [Proof: Let p = Pi ® P2 be an atom. 
Suppose that 52 (Pi ®P2) = 2. Whence, u(pi ® 1) = u(p)i 1. Let 70 G such 
that p! G AJ° . Let r G Since £ is laterally connected, pi®p2^/r®p 2 contains 
a third atom, say t ® P2- 

Let t>2 G T%, By Axiom P4, pi ®«2(P2) Vr®«2(p2) contains t®V2ij>2)- Therefore, 
since £2 is transitive, we find that t ® 1 < pi ® 1 V r ® 1. Suppose now that 
u(r ® 1) = 1 <g) (u(r <8> P2))2- Then, by Lemma f3 . 1 31 part 2, we have 

u{t® 1) C u(p)i 1> 1 U l(g>u(r ® p 2 ) 2 ■ 

Therefore, u(t ® 1) = u(pi ® 1) or u(i ® 1) = u(r ® 1), a contradiction since u is 
injective. 

As a consequence, for all r G AJ , w(r ® 1) = u(r ® p 2 )i 8> 1, hence t/2(f <8> 
P2) = 92{Pi ®P2)- Now, by the third hypothesis in Definition 13.21 we find that 
u(s ®l) = u(s®p 2 )i ® 1 for all s G .4(A).] 

(3) Let p = P\® P2 be an atom. From part 2, we can define a map £ : {1, 2} — > 
{1,2} as := gi{p\ ® P2), and £ does not depend on the choice of p. Claim: 
The map £ is surjective. [Proof: Suppose for instance that £(1) = 1 = £(2). Let 
p = Pi ® p 2 and g = q\ ® q2 be atoms. Then 

u(p) 2 = u(l ® p 2 )2 = u(qi ® P2)2 = u(qx ® 1)2 = u(qi ® q 2 ) 2 ■ 

As a consequence, u(l) < 1 ® it(p)2, a contradiction since u is surjective.] 

(4) Let pi ®p2 be an atom. For i — 1 and i = 2, define Ui : A(£i) — > A(£^(j)) 
as Ui(p) := u(p ® p2)^(i) and ^2(9) := w(pi ® 9)^(2)- Claim: Those definitions do 
not depend on the the choice of p\ ®p2- [Proof. Suppose for instance that £ = id. 
Then for any atom r2 of £2 , we have 

u(p ® P2)ai) = U (P ® = u(p ® r 2 ) f (i) .] 

Define ui : £^ — > £^(.;) as Ui(<2i) — \/Ui(A(ai)). Claim: The map Ui is an 
isomorphism. [Proof. Suppose for instance that £ = id. Let a G £1. Then, since u 
and /ii are join-preserving, we find that 

u(hi(a)) = u(hi(VA(a))) = V{u(hi(r)) ; r G -4(a)} = V{w(r ® 1) ; r G A(a)} 

= V{u(r®p 2 )i ®l;re A(a)} = V{hi(u(r ® p 2 )i) ; r G .4(a)} 

= 7n(V{u(r<g>p 2 )i ; r G A(a)}) = ?n(V{J7i(r) ; r G .4(a)}) = Mui(a)). 

As a consequence, since /ii and u are injective, so is u\. Let w C C\. Then, by 
the preceding formula, we find that 

hi(tti(Vw)) = w(/ii(Vw)) = V{u(fti(a)) ; a G w} 

= V{/ii(ui(a)) ; a G w} = /ii(V{ui(a) ; a G oj}) . 
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Whence, since hi is injective, u\ preserves arbitrary joins. Finally, since U\ is 
surjective, so is u\. As a consequence, u\ is a bijective map preserving arbitrary 
joins, hence an isomorphism.] □ 



6. Orthocomplemented S-products 

For our main result, we need some additional hypotheses on £\ and £ 2 , which 
are true if £\ — P(Hi) and £2 = P(^2) with Hi and H2 complex Hilbert spaces. 

Definition 6.1. Let £ be a complete atomistic lattice and let T C Aut(£). We 

say that £ is T— strongly transitive if id G T, T acts transitively on A(£), and if 

(1) for all two p ^ q G A(C), there is u G T such that u(p) = p and u(g) 7^ g, 

(2) for all subset ^ A C we have: 

n A = u(A) or 0, for all 11 e T] => [A = _4(£) or A is a singleton]. 

Lemma 6.2. LetTi be a complex Hilbert space. Then P(W) is transitive. Moreover, 

(1) i/dim(H) > 3, £/ien P(W) is U(H.) — strongly transitive, 

(2) i/ 7Y = C 2 and «/ £/ie second hypothesis in Definition \6.1\ holds for some 
nonempty subset A C (C 2 - 0)/C and all u G U(C 2 ), then A = _4(P(C 2 )), 
or A is a singleton, or A — {p,p^} with p an atom of P(C 2 ). 

Proof. Obviously, U(H) acts transitively on A(P(H)) = (H — 0)/C, and on each 
coatom. Therefore, if dim(7Y) > 3, then the first assumption in Definition lfi.ll holds. 

We now check the second assumption of Dcfinition lti.il Let A C A(P(H)) be a 
nonempty subset. Suppose that A is not a singleton. Let p, q G A. 

Assume first that p / g. Define 

G p := {u G U(W) ; u(p) = p} , 
p-q-= \(P,Q)\, 

where P G p, Q G q and ||P|j = ||Q|| = 1. Moreover, for uj C [0, 1], define the cone 

C u (p) :={r£A(P(H));p-reiv}. 

Since p G u(A) n A, for all u G G p , we have C p . q (p) C A. Moreover, C p . r (r) C A, 
for all r G C p . q (p). Therefore, we find that ^(p) C ^4 where 

A = max{0, cos(2 arceos(p • g))} , 

and furthermore that A(P(H)) C A. 

Suppose now that p _L g. If dim(7i) > 3, since dim(p ) and dim(r^) are > 2, 
we find that A = 0. Finally, if dim(W) = 2 and A = {p^}, then u(A) n A = or 
for all u G U(C 2 ). □ 

Lemma 6.3. Let £\, £2 and £ be complete atomistic lattices, with Ci Ti~ strongly 
transitive for some Tj C Aut(£i). Suppose that £ is a S TiT2 —product of £1 and £2- 
Let R C ,4(£) oe nonempty, such that for all u G Aut(£), u(R) Fl R = u(R) or 0. 
Then one of the following cases holds. 

(i) R = A{£). 

(ii) R is a singleton. 

(iii) i? = p®A(£%), for some p G A{£\). 

(iv) i? = A{C\)®q for some q G A(£ 2 )- 
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Proof. (1) Let p E A(£i) and q E A(C 2 ). Define 

R(p) := {s e A(£ 2 ) ;p®sefl}, 

R~\q) := {r E A(&) ; r <g> q E R} . 

Claim: If R(p) ^ 0, then R(p) = A{£ 2 ) or R(p) = {s} for some s E A{C 2 ). [Proof. 
Let u 2 E T 2 such that u 2 (R(p)) n 7^ 0. Then id <g> u 2 (i?) n i? ^ 0. Hence, by 
hypothesis, we have \d<3u 2 (R) C _R; therefore u 2 (R(p)) C As a consequence, 

the statement follows from the fact that £2 is T2— strongly transitive.] 

(2) Suppose that pi ®p 2 , qi®q 2 E R. Then, since C 2 is T 2 — strongly transitive, 
there is u 2 E T 2 with u 2 (p 2 ) = p 2 and u 2 (q 2 ) 7^ q 2 . As a consequence, id ® u 2 (R) fl 
i? 7^ 0, therefore, by hypothesis, id ® u 2 (R) C _R. Hence, {g 2 , "2(92)} C R(qi). 
Thus, by part 1, we have R(qi) = A(C 2 ). In the same way, we prove that R{pi) = 
A(C 2 ). As a consequence, > 2, for all y E A(C 2 ). Therefore, by part 1, 

R-\y) = A(Ci), for all y E A(£ 2 ), that is R = A(£i)®A(£ 2 ) = A{£). □ 

Theorem 6.4. Let C\, C 2 and £ be complete atomistic lattices, with C\ and C 2 
coatomistic and weakly connected. Let (Ti,T 2 ) C Aut(£i) x Aut(£2). Suppose that 
one of the following cases holds. 

(i) Ci is Ti — strongly transitive and C is a S TiTa — product of C\ and C 2 . 

(ii) C 2 is T 2 — strongly transitive, £1 = P(C 2 ) and £ is a S^^ — product of £1 
and C 2 . 

(iii) C\ is Ti — strongly transitive, C 2 — P(C 2 ) and £ is aS T u(c2) — product of £1 
and £ 2 . 

(iv) £\ = P(C 2 ) = £ 2 and £ is a S u(c2)U(c2) —product of £\ and £ 2 . 

If £ admits an orthocomplementation, then £ is isomorphic to £\@£ 2 , and £\ 
and £ 2 are orthocomplemented. 

Proof. We denote the dual of £i (defined by the converse order-relation) by £*. 
Hence A(£*) stands for the set of coatoms of £{. 

Let _L: £ — > £ be an orthocomplementation of £. We define a map A : A(£\) x 
A{£* 2 ) -» £ as 

A(xi,0!2) = (an (g> 1 V 1 <g> x-2) 1 - = hi(xi)^ A h^x^ 1 - . 

Note that ^ A(an,a:2) + 1, for all (x u x 2 ) E A{£\) x A{£* 2 ). Moreover, A is 
injective. We prove that the image of A is A(£), and that A is a bijection. As 
a consequence, the map / : £1® £ 2 — > £ defined as f(a) = A{A(an, x^ ; a C 
A{x\) x ^(£2) U -4(£i) x A{x 2 )} is obviously an isomorphism. As consequence, 
£1© £2 is orthocomplemented. Therefore, £1 and £2 are orthocomplemented (see 
Proposition 8.3, [7]). In the sequel, we denote A{£\) x A{£ 2 ) by 3. 

(1) Claim: For any two x = (xi,x 2 ), y = {yi,y 2 ) E 3, A (a;) A A(y) = 0. [Proof. 
Suppose for instance that an ^ yi, and let a < A(a;) A A(y). Then an ® 1 V 1 ® 22 V 
2/i ® 1 V 1 <g> 2/2 < a,- 1 . Therefore, since hi preserves joins and 1, we have 

1 = hi(l) = hi(xi V yi) = hi(xi) V hi(yi) < a 1 " ; 

whence a 1 - — 1, that is a = 0.] 

(2) Claim: For all x — (an, x 2 ) E 3 and all u E Aut(£), there is y E 3 such that 
u(A(a;)) = A(y). [Proof. First note that u x : £ — > £ defined as tr'-(a) = ufa- 1 ) 1 - 
is an automorphism of £. By Theorem 15 .11 there are two isomorphisms in and u 2 
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and a permutation £ such that for any atom, u ± (pi <E>p 2 )^(i) = Vi{pi)- Suppose for 
instance that £ = id. Then, 

u{A(x)) = (u- L (A(x) ± )) ± = (u^xi <8> 1 V 1 ® a^))" 1 = («i(a;i) <g 1 V 1 <8 ^(a^))" 1 , 

hence u(A(x)) = A(vi(xi),V2(x 2 )).] 

(3) Claim: U{A(A(x)); x e E} = A{C). [Proof: Let x G 2. By Axioms P5 and 
P4, £ is transitive. As a consequence, for any atom r of £, there is an automorphism 
u such that r < u(A(x)), hence by part 2, there is y G S such that r < A(j/).] 

(4) Consider assumption (i). Claim: For all A(x) is an atom. [Proof. Let 
x° = (a?,^) G S. From part 2 and 1, u(A(x )) A A(x°) = u(A(x )) or 0, for all 
u G Aut(£). Therefore, by Lemma f6. 31 either A(x°) is an atom, or A(x°) = r <g> 1 
for some r G „4(£i), or A(x°) = 1 ® s for some s G ^(£2)- 

Suppose for instance that A(x°) = r (g) 1. Then, since £1 is transitive, by part 
2, for all s G A(Ci), there is y G S such that s<g> 1 = A(y), hence by part 1, for all 
z G 5, there is s G -4(£i) such that A(z) = s <g> 1. Therefore, there is a bijection 
/ : S -> .4(A) such that A(ac) = /(x) <g> 1, for all x G H. 

Let i < A(x°) be an atom. By Axiom P2, since £1 and £2 are coatomistic, we 
have that f\{A{x) A ~; f < A(x) ± } — t; whence 

x\ <8> 1 V 1 <g> x% = A(x Q ) ± < t x = V{A(x); t < A(x) x } 

= V{/(x) ® 1; f < A(x) X } = a (g> 1 , 

(with a = V{/(x) ; t < A(x) }) a contradiction. As a consequence, A(x°) is an 
atom.] 

(5) Consider now assumption (ii). Suppose that none of the cases treated in 
part 4 holds for A(xo). Then by the same argument as in Lemma 16.31 we find that 
•A(A(xo)) = {r,^ 1 } <S>1 or {r, r ±1 }(E>s with r and s atoms. Both cases can be 
excluded from the last requirement in Definition 13.61 

(6) Finally, consider assumption (iv). The last case we have to exclude is 
A(A(x )) = {rC^s,^ 1 <g. s ±2 }. 

(6.1) Let G := U(C 2 ) x U(C 2 ). Claim: For all p, q G A(C), there is ( Ul ,u 2 ) G G 
such that Mi (g> U2(p ± ) = q ± . [Proof. Let g be the action of G on A{C) defined as 
g{ui,u 2 ){p) = (tii <g> u 2 ) ± {p) (see part 2). Let p and q be atoms of £. Then there 
is (ui, u 2 ) G G such that U\ ® u 2 (p) = q, thus (ui ® u 2 ) ± (p ± ) = Hence, G acts 
transitively on the set of coatoms of £. 

Claim: G acts transitively on the set of coatoms of £i@ £2- [Proof. Let 
S. By Axiom P2, there are atoms r and s such that A(x) ± < r and A(u)- L < s . 
By what precedes, there is (^1,1*2) G G such that (ui ® it2)~ L (r~ L ) = s x , hence 
(ui (g) U2) (A(x) ) < s . Since by Theorem 15. II (ui (g> U2) x factors, from part 1, 
(tti <S> M2) x (A(x)- L ) = A(j/) ± .] 

As a consequence, since £1 and £2 are of length 2, the action of G on A(C) 
is transitive. Therefore, for all p, q G -4(£), there is (ui,u 2 ) G G such that u\ ® 
w 2 (p X ) = <7 X -] 

(6.2) Let p G .4(A(x )), then A(x ) ± < p x . From part 6.1, for any coatom 
q 1 - > A(xo) 1 ", there is {ui,u 2 ) G G such that u\ ® U2(p ± ) = q ± - Therefore, 

{q ± ; q 1 - > A(x ) ± } = {u x ® u 2 {p^) ; (ui,u 2 ) GG Xo }, 

where G XQ := {(ui,u 2 ) G G; (ui(x 0l ), u 2 (x Q2 ) = x }. Whence, 

A{A(x )) = {u 1 ®u 2 {p ± ) ± - ; (u u u 2 ) G G Xo }. 
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If A{p ) is invariant under the action of G Xo (i.e. u\ ® U2(p^) = p , for all 

G G Xo ), then A(xo) = p£ A(C). 
Otherwise, write A(p ± ) as 

■^(P ± ) = |Jc Q (a;oi) ® c^(x 02 ) , 

a/3 

where c.(xoi) is included in the cone C.(xoi) around x^i (see the proof of Lemma 
16. 2|) . Now, if .4(p ) is not invariant under the action of G Xo , then there is c.(xoi) 
which is a proper subset of C. (xoj). Therefore, obviously A(xo) contains more than 
two atoms. □ 

Remark 6.5. Note that if L\ and £2 are orthocomplcmcnted and hi and h 2 
preserve also the orthocomplementation, then for any atom, we have 

(Pi ®P2) X = (Mpi) a /i 2 (p 2 )) x = V / l2 (p 2 ) X = hi(p^) V h 2 (p 2 L2 ) , 

so that the proof is trivial. On the other hand, if we ask the u of Axiom P4 to be an 
ortho-automorphism, then for all a; G 3, we have ui®u 2 (A(a;)) = A(ui(a;i),'U 2 (a; 2 )), 
so that part 2 of the proof becomes trivial, and the proof does not require Theorem 
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Abstract: We prove that any non-product state of two-particle systems violates a Bell 
inequality. 



